Munn's construction of a fundamental inverse semigroup T from a semilattice E E provides an important tool in the study of inverse semigroups. We present here a semigroup F that plays for a class of E-semiadequate semigroups the role that T E E plays for inverse semigroups. Every inverse semigroup with semilattice of idempotents E is E-semiadequate. There are however many interesting E-semiadequate semigroups that are not inverse, we consider various such examples arising from Schutzenberger products. ᮊ 1999 Academic Press
INTRODUCTION
One of the most important early approaches to the structure theory of inverse semigroups was via fundamental inverse semigroups, that is, inverse semigroups having no nontrivial idempotent separating congruences. w x Munn M showed how an important fundamental inverse semigroup T E could be constructed from any semilattice E, the elements of T being the E partial isomorphisms of E. The Munn semigroup T of E has semilattice E of idempotents isomorphic to E and is ''maximal'' in the sense that an inverse semigroup S with semilattice of idempotents E is fundamental if and only if it is isomorphic to a full subsemigroup of T . Further, if S is an E inverse semigroup with semilattice of idempotents E, then there exists a homomorphism : S ª T whose kernel is , the maximum idempotent E w x separating congruence on S M .
The original work of Munn has been generalized in several directions. Dropping the condition of commutativity of idempotents leads to the study of orthodox semigroups, that is, regular semigroups whose idempotents form a subsemigroup. Semigroups of idempotents are called bands. The Hall semigroup W of a band B is an orthodox semigroup with a band of B idempotents isomorphic to B and properties analogous to those described w x above for T Ha1 . Hall and Hambooripad took this still further to the E w
x w x case of regular semigroups in Ha2 , and N , respectively. w x Another direction has been taken by Fountain in F1 , where he considers adequate semigroups. The move from inverse to adequate semigroups is obtained by retaining the commutativity of the idempotents but weakening the condition of regularity. This is accomplished by considering Green's )-relations L L * and R R*, where elements a, b of a semigroup of S are L L *-related if and only if they are L L-related in an oversemigroup of S; the relation R R* is defined dually. In fact, L L * and R R* are equivalence w x relations F1 . A semigroup S is abundant if each L L *-class and each R R*-class of S contains an idempotent and is adequate if, in addition, the idempotents of S form a commutative subsemigroup. In this case the Ž . L L *-class R R*-class of a g S contains a unique idempotent, denoted by a* Ž q † . a , sometimes a . If S is a regular semigroup, then L L * s L L and R R* s R R; clearly then, a regular semigroup is abundant and an inverse semigroup is adequate with a* s a y1 a and a q s aa y1 . In an adequate semigroup there need not be a greatest idempotent separating congruence. However, on an inverse semigroup, is also the largest congruence contained in H H. Defining H H* to be L L * l R R* we may, without ambiguity, w x denote by the largest congruence contained in H H*. In F1 Fountain shows that if S is an adequate semigroup with semilattice of idempotents E, which in addition satisfies q A e a s a ea * and ae s ae a Ž . Ž . Ž .
for all a g S and for all idempotents e g E, then there is a homomorw x phism : S ª T with kernel . Such a semigroup is called type A in F1 E w x and more recently ample G . w x The work in this paper continues the approach of F1 . First, we drop the assumption that the semigroup under consideration satisfies the ''ample'' Ž . w x condition A , imposing a strictly weaker condition introduced in F2 . In a second direction we weaken the adequacy condition and consider E-semiw In Section 2 we define the class of semigroups under consideration, weakly E-hedged semigroups. They are E-semiadequate semigroups satisfy-Ž . ing two conditions weaker than A . Trivially, every monoid is weakly Ä 4 1 -hedged and it is not difficult to show that every inverse monoid is weakly E-hedged where E is the semilattice of all its idempotents. As mentioned above, more interesting examples of weakly E-hedged semigroups are obtained from the Schutzenberger product of a left cancellativë monoid with a right cancellative monoid, discussed at length in Section 3. Further examples of semigroups satisfying the corresponding one-sided are the homomorphisms mentioned above.
After considering weakly E-ample semigroups in Section 5, Section 6 is devoted to using the theory we have built to deduce some facts concerning weakly E-hedged and weakly E-ample semigroups. In particular, a weakly Ž .
In this section we define the above classes of semigroups and state a number of their elementary properties. Proofs are omitted where they are w x virtually identical to those in F1 . In Section 3 we show how these ideas arise naturally from Schutzenberger products of monoids satisfying cancel-w
x lation properties. We use the terminology and notation of Ho1 ; in Ž . particular, the set of idempotents of a semigroup S is denoted by E S .
We begin with the following alternative description of L L *, which may w x be found in F1 . It follows from Lemma 2.1 that L L * is an equivalence relation. It is then easy to see that L L * is a right congruence and dually, R R* is a left congruence.
Let E be a semilattice and a subsemigroup of S. We say that S is right Ž . Let S be a semigroup such that E S contains a semilattice E. We say that S is right E-semiadequate if for each a g S the set a contains a E minimum member, which we denote by a*. Note that e s e* for e g E.
&
The relation L L is defined on S by the rule that for a, b g S,
For any a g S we have a* * s a* so that a L L a*; clearly a* is the unique 
By itself, the condition that a semigroup be right E-semiadequate is very weak. To make progress we require at least that the semigroup satisfies Ž . condition CR . We say that a right E-semiadequate semigroup satisfies & Ž . CR if L L is a right congruence. In view of earlier remarks this is always E true for a right E-adequate semigroup. A semigroup which satisfies Ž . Ž . condition CR and its left᎐right dual CL is said to satisfy the congruence w x condition L .
Ž . LEMMA 2.3. Let S be a right E-semiadequate semigroup satisfying CR .
Ž .
Ž . Ž . 1 For all a, b g S, ab * s a*b *.
Ž . 2 For all a g S and e g E, ae * s a*e.
Ž . Ž . w x Proof. 1 and 2 follow from Proposition 3.7 of L .
Ž .
1 Using CR we have that for any a, b g S and x g E , Combining the above results we may define a homomorphism from an E-semiadequate semigroup S satisfying the congruence condition to
For an element e of a semilattice E, the homomorphism from E 1 to E induced by multiplication by e is denoted by . If ␣ , ␤ are endomore phisms of E 1 such that x␣ F x␤ for all x g E 1 , then we write ␣ F ␤.
LEMMA 2.4. Let S be an E-semiadequate semigroup satisfying the congruence condition. Then for all a g S,
Let S be an E-semiadequate semigroup satisfying the congruence condition. We recall from the Introduction that denotes the largest
described in an analogous manner to that given for adequate semigroups w x w x in F1 ; the proof is essentially the same as that in F1 . Lemma 2.5 and w x Proposition 2.6 were also noted in E . LEMMA 2.5. Let S be an E-semiadequate semigroup satisfying the congruence condition. Then s ker , where
Let E be a semilattice and a subsemigroup of T. We say that the show that such a semigroup T is E-semiadequate and satisfies the congruence condition. Further, E is central in T. The following shows that the converse is also true.
PROPOSITION 2.6. Let S be an E-semiadequate semigroup satisfying the congruence condition. Then the following conditions are equi¨alent:
Proof. Similar to that of Proposition 2.9 of F1 . 
Ž
.
Ž . AR For all a g S and e g E, ea s a ea *.
Weakly left E-ample and weakly E-ample semigroups are defined using the now standard convention. If S is an inverse semigroup with semilattice of idempotents E, then as mentioned in the introduction, L L s L L * and In Section 3 we show that a weakly right E-hedged semigroup need not be weakly right E-ample. We also observe that an E-semilattice of monoids is weakly E-ample so that by Proposition 2.6, if S is an E-semiadequate semigroup satisfying the congruence condition and if E is central in S, then S is weakly E-ample.
SCHUTZENBERGER PRODUCTS
Recall that the Schutzenberger product M᭛N of semigroups M and N is the semigroup with underlying set Of course, the left᎐right duals of Lemma 3.2, Corollary 3.3, Propositions 3.5 and 3.6, and Corollary 3.7 hold. In particular, we have the equivalence of the first two conditions of the following result. That the third condition w x follows from the first was noted by Margolis and Pin MP, Proposition 1.1 . Ž . 2 M᭛N is weakly E-ample.
Ž .
3 M᭛N is an in¨erse monoid.
THE SEMIGROUP F E
Recall that an inverse semigroup is fundamental if the largest congruence contained in H H is trivial and an adequate semigroup is fundamental if the largest congruence contained in H H* is trivial. Accordingly, we define an E-semiadequate semigroup to be E-fundamental if is trivial.
E
The aim of this section is to construct an E-fundamental weakly Ehedged semigroup F from any given semilattice E such that F is E E maximal in the sense that if S is any weakly E-hedged semigroup, then there is a homomorphism : S ª F with kernel . As we see below,
is not weakly hedged.
Let E be a semilattice and let F be the subset of End
so that 1␣ s 1␤␣ and dually, 1␤ s 1␣␤. Thus ␣ maps the maximum element of im ␤ to the maximum element of im ␣, and ␤ maps the maximum element of im ␣ to the maximum element of im ␤.
Ž . Observe first that F / л, since e s , g F for any e g E. Ž . that c , c g F for any e, f g E. Note that c , c g E F and that and s as required.
SOME APPLICATIONS
The aim of this section is to apply the material developed in Sections 4 and 5 to deduce some facts concerning weakly E-hedged and weakly E-ample semigroups. LEMMA 6.1. Let S be an E-semiadequate semigroup and let T be a subsemigroup of S containing E. Then
Ž . 1 T is E-semiadequate;
Ž . 2 if S satisfies the congruence condition, then so does T ;
Ž .
3 if S is weakly E-hedged, then so is T ; Ž . 4 if S is weakly E-ample, then so is T ; Ž . 5 if S satisfies the congruence condition and is E-fundamental, then so is T. E-homomorphism given in Theorem 4.5 is an embedding.
Conversely, suppose that : S ª F is a one᎐one E-homomorphism. E As above, im is E-fundamental weakly E-hedged, so that S is E-fundamental.
The proof of the following corollary is analogous to that of Corollary 6.3. COROLLARY 6.4. A weakly E-ample semigroup S is E-fundamental if and only if it is E-isomorphic to a subsemigroup of T . Consequently, if S is an E Ž . E-fundamental weakly E-ample semigroup, then E s E S .
Recall that a semilattice E is anti-uniform if eE ( fE implies e s f. The definition of an E-semilattice of monoids is given in Section 2. Corollary 6.5 w x is analogous to Corollary 4.9 of F1 , which is concerned with ample semigroups. COROLLARY 6.5. A semilattice E has the property that e¨ery weakly E-ample semigroup is an E-semilattice of monoids if and only if E is anti-uniform.
Proof. If E is anti-uniform and S is weakly E-ample, then by Lemma5.1, ␣ : a E ª a*E is an isomorphism. Hence a s a* so that by Proposia tion 2.6, S is an E-semilattice of monoids.
